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Spekkens’ toy theory is a non-contextual hidden variable model with an epistemic restriction,
a constraint on what the observer can know about the reality. In reproducing many features of
quantum mechanics in an essentially classical model, it clarified our understanding of what behaviour
can be truly considered intrinsically quantum. In this work, we show that Spekkens’ theory can
be also used to help understanding aspects of quantum computation - in particular an important
subroutine in fault tolerant quantum computation called state injection. State injection promotes
fault tolerant quantum circuits, which are usually limited to the classically efficiently simulatable
stabilizer operations, to full universal quantum computation. We show that the limited set of fault
tolerant operations used in standard state injection circuits can be realised within Spekkens’ theory,
and that state-injection leads to non-classicality in the form of contextuality. To achieve this, we
extend prior work connecting Spekkens’ theory and stabilizer quantum mechanics, showing that
sub-theories of the latter can be represented within Spekkens’ theory, in spite of the contextuality
in qubit stabilizer quantum mechanics. The work shines new light on the relationship between
quantum computation and contextuality.
Spekkens’ toy theory is a non-contextual hidden vari-
able model made to advocate the epistemic view of quan-
tum mechanics, where quantum states are seen as states
of incomplete knowledge about a deeper underlying real-
ity [1, 2]. The idea of the model is to reproduce quantum
theory through a phase-space inspired theory with the
addition of a constraint on what an observer can know
about the ontic state (identified with a phase space point)
describing the reality of a system. In the case of odd-
dimensional systems the toy theory has been proven to
be operationally equivalent to qudit stabilizer quantum
mechanics [3], where the latter is a subtheory of quantum
mechanics restricted to eigenstates of tensors of Pauli op-
erators, Clifford unitaries and Pauli measurement observ-
ables [4]. “Operationally equivalent” means that the two
theories predict the same statistics of outcomes, given
the same states, transformations and measurements. The
equivalence between Spekkens’ toy theory and qudit sta-
bilizer quantum mechanics can be proven by representing
qudit stabilizer quantum mechanics using Gross’ Wigner
functions [5]. These turn out to be exactly equivalent to
Spekkens’ epistemic states and measurements. The mea-
surement update rules are consistent and positiveness-
preserving, while Clifford gates are mapped into consis-
tent symplectic affine transformations [3].
In the case of qubits, the above equivalence does
not hold. The toy theory is non-contextual by con-
struction, whereas qubit stabilizer quantum mechanics
shows state-independent contextuality, as witnessed by
the Peres-Mermin square argument [6–8]. This is re-
flected in the impossibility of finding a non-negative
Wigner function that maps qubit stabilizer quantum me-
chanics into Spekkens’ toy theory [10, 11]. Note that the
non-negativity is needed in order to interpret the epis-
temic states and measurements as well-defined probabil-
ities and thus state the operational equivalence. Even if
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the toy theory and qubit stabilizer quantum mechanics
are not operationally equivalent, some restricted versions
of them do show the same statistics. Our aim is to iden-
tify the subtheories of Spekkens’ toy theory that are op-
erationally equivalent to subtheories of qubit stabilizer
quantum mechanics. These will be closed subsets of op-
erations, states and measurements in stabilizer quantum
mechanics where states and measurements can be non-
negatively represented by covariant Wigner functions.
In this work we use Spekkens’ subtheories for an appli-
cation in the field of quantum computation. More pre-
cisely, we use them to study state-injection schemes of
quantum computation [12]. The latter are part of one
of the currently leading models of fault tolerant univer-
sal quantum computation (UQC). This model is com-
posed of a “free” part, which consists of quantum circuit
that are efficiently simulatable by a classical computer
(usually stabilizer circuits), and the injection of so-called
“magic” resource states (that are usually distilled from
many copies of noisy states through magic state distil-
lation [13]) that enable universal quantum computation.
In 2014 Howard et al. [14] proved that in a state-injection
scheme for qudits of odd prime dimensions, with the free
part composed by stabilizer circuits, the contextuality
possessed solely by the magic resource is a necessary re-
source for universal quantum computation. In terms of
systems of dimensions 2 a similar result due to Delfosse
et al. [15] was derived for rebits, where the classical non-
contextual free part is composed of Calderbank-Steane-
Shor (CSS) circuits [16]. However, as already pointed
out, an analogue version of Howard’s result for qubits
cannot be found, since qubit stabilizer quantum mechan-
ics is already contextual. Nevertheless it has been proven
[17] that in any state-injection scheme for qubits where
we get rid of the state-independent contextuality, the
contextuality possessed solely by the magic resource is
necessary for universal quantum computation. A more
complete version of this result is also treated in [18],
where a general framework for state-injection schemes
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2of qubits with contextuality as a resource is provided.
More precisely, in [18], Raussendorf et al. develop a
framework for building non-negative and non-contextual
subtheories of qubit stabilizer quantum mechanics via
the choice of a phase function γ(λ) on phase-space
points, which defines the Weyl operators and conse-
quently the Wigner functions (see equation (2)). They
require that the allowed free measurements preserve the
non-negativity of the Wigner function. In principle this
requirement constrains the number of allowed observ-
ables. For this reason they also require tomographic
completeness, i.e. that any state can be fully mea-
sured by the observables allowed in the free part of the
scheme, which guarantees that the set of free observables
is large enough for the state-injection scheme to work.
Unlike the case of measurements, they allow gates that
introduce negativity in the Wigner functions, i.e. non-
covariant gates, the reason being that the gates can al-
ways be absorbed in the measurements without altering
the outcome distribution of the computation. Further-
more, in [19], Wallman and Bartlett address the issue of
finding the subtheories of qubit quantum mechanics that
are non-negative in certain quasiprobability representa-
tion (and so are classically simulatable and correspond to
non-contextual ontological models). They construct the
so-called 8−state model, which can be seen as a gener-
alisation of Spekkens’ toy theory with an enlarged ontic
space. The non-negativity for states and measurements
is guaranteed by considering both the possible Wigner
representations of a qubit [11].
It is important to point out that in the mentioned
frameworks of [17] and [18], the definition of state-
injection schemes is broader than the one we consider
here and it also includes schemes based on measurement-
based quantum computation with cluster states [20].
We here consider only state-injection schemes as devel-
oped by Zhou et al. in [12] – defined in I C – like
the ones in [14] and [15], and we show that Spekkens’
subtheories are an intuitive and effective tool to treat
these cases. We first use Spekkens’ subtheories to rep-
resent the non-contextual free part of the known exam-
ples of state-injection schemes, both for qubits and qu-
dits, where contextuality arises as a resource [14, 15].
These can be unified in the following framework (figure
1): Spekkens′ subtheory + Magic state(s) → UQC.
Secondly, we prove in theorem 1 that qubit SQM can be
obtained from a Spekkens’ subtheory via state-injection
since all its objects that do not belong to the Spekkens’
subtheory, namely non-covariant Clifford gates, can be
injected, where the circuit needed for the injection is al-
ways made of objects belonging to the Spekkens’ subthe-
ory. This means that Spekkens’ subtheories contain all
the tools for performing state-injection schemes of quan-
tum computation. There is no need to consider bigger
non-covariant subtheories in the free part.
The proof of theorem 1 suggests a novel state-injection
scheme, where contextuality is a resource, based on injec-
tion of CCZ states. State-injection schemes with the re-
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Figure 1: Computational scheme. Schematic representation
of the computational scheme of the paper.
lated Toffoli (CCNOT) gates are already known [21–27],
but our scheme differs from them as our non-contextual
free part of the computation – a strict subset of the CSS
rebit subtheory considered in [15] – is such that it is not
possible to remove any object from it without denying the
possibility of obtaining universal quantum computation
via state-injection. The price to pay for this minimal-
ity is the injection of the control-Z state, CZ |++〉 , too
(which also provides the Hadamard gate). By analysing
this example, we can associate different proofs of contex-
tuality to the injection of different states, making a link
between different classes of contextuality experiment and
different states. More precisely, we show how the Clifford
non-covariant CZ gate (as well as the phase gate S) can
provide proofs of the Peres-Mermin square argument and
the GHZ paradox. Moreover, the injection of the T |+〉
magic state, where T is the popular pi8 non-Clifford gate,
allows, in addition to the previous proofs of contextual-
ity (as T 2 = S), also to obtain the maximum quantum
violation of the CHSH inequality [28].
In the remainder of the paper we start by cover-
ing some preliminary material on Spekkens’ toy theory,
Wigner functions and state-injection schemes in section
I. We then provide the definition of a Spekkens’ subthe-
ory in section II. In section III we describe Howard’s and
Delfosse’s cases for qudits [14] and rebits [15] respectively
and we prove that they fit in our framework where the
free parts of the computation, qudit stabilizer quantum
mechanics and CSS rebits respectively, are Spekkens’
subtheories. We then set the instructions to construct
a Spekkens’ subtheory from the choice of a non-negative
Wigner function in section IV. We do so in line with [18]
and we find that the main difference from Raussendorf et
al’s formulation (and also from the 8-state model) con-
sists of demanding for the covariance of the Wigner func-
tion with respect to the allowed gates. Moreover we do
not demand for tomographic completeness. By exploit-
ing this comparison we then prove theorem 1. It basically
shows that any state-injection scheme can be obtained
from our framework, since any object not present in the
considered Spekkens’ subtheory can be injected by using
an injection scheme made of objects in the Spekkens’ sub-
3theory. In section V we provide a novel example of state-
injection for qubits (rebits) based on CCZ magic states.
We analyse the presence of different proofs of contextu-
ality in correspondence of different state injected gates
in section VI and we recap all the results and the future
directions in the conclusion section.
I. PRELIMINARIES
In this work we focus on subtheories of quantum me-
chanics that we call Spekkens’ subtheories, and their re-
lation with state-injection schemes of quantum compu-
tation. We here recall some basic notions and defini-
tions characterising Spekkens’ toy theory, Wigner func-
tions and state-injection schemes that will be useful for
our purposes.
A. Spekkens’ toy theory.
Spekkens’ toy theory is a non-contextual hidden vari-
able theory with an epistemic restriction, i.e. a restric-
tion on what can be known about the hidden variables (or
ontic states) describing the physical system [1–3]. Ontic
states are points λ in phase space, that we here assume
to be discrete, Ω = Znd , where n is the number of the d-
dimensional subsystems composing the system. An Ob-
servable Σ is defined as a linear functional in phase space,
i.e. it takes the form Σ =
∑
m(amXm + bmPm), where
Xm, Pm denote fiducial variables, like position and mo-
mentum, that label the phase space, am, bm ∈ Zd and
m ∈ 0, . . . , n− 1. In the following we denote the on-
tic states and observables when considered in their vec-
torial representation, and vectors in general, with bold
characters. The outcome σ of any observable measure-
ment Σ = (a0, b0, . . . , an−1, bn−1) given the ontic state
λ = (x0, p0, . . . , xn−1, pn−1), where xj , pj , aj , bj ∈ Zd for
every j ∈ {0, . . . , n− 1}, is given by their inner product:
σ = ΣTλ =
∑
j(ajxj + bjpj), where all the arithmetic is
over Zd.
The epistemic restiction is called the classical comple-
mentarity principle and it states that two observables
can be jointly known only when their Poisson bracket is
zero. This can be simply recast in terms of the sym-
plectic inner product: [Σ1,Σ2] ≡ Σ1TJΣ2 = 0, where
J =
⊕n
j=1
[
0 1
−1 0
]
j
. A set of observables that can be
jointly known by the observer represents a sub-space
of Ω, known as an isotropic subspace and denoted as
V = span{Σ1, . . . ,Σn} ⊆ Ω, where Σi indicates one of
the generators of V .
The observer’s best description of the physical system
is a probability distribution p(λ) over Ω which is called
the epistemic state. It is defined as
P(V,w)(λ) =
1
N
δV ⊥+w(λ), (1)
where the perpendicular complement of V is, by defini-
tion, V ⊥ = {a ∈ Ω | aTb = 0 ∀ b ∈ V }. The subspace of
known variables V specifies the observables Σj that are
known and the evaluation shift vector w ∈ V the values
σj that they take, Σ
T
j · w = σj . The indicator function
δV ⊥+w(λ) takes value 1 when λ belongs to the set V
⊥+w
and 0 otherwise; N is a normalisation factor.
The allowed transformations in Spekkens’ theory are
the ones that preserve the epistemic restriction, i.e. the
symplectic affine transformations G in phase space (in
general a subset of the permutations), namely G(λ) =
Sλ+a, where S is a symplectic matrix and a ∈ Ω a trans-
lation vector. The elements Πk of a sharp measurement
Π, where the integer k denotes the outcome associated
with the measurement, have an epistemic representation
analogue to the states of the form of equation (1). Here,
we are in a dual representation between states and ob-
servables, where we denote with VΠ and rk the subspace
of known observables and the evaluation shift vector as-
sociated with the k-th element of the sharp measurement,
respectively. Figure 2 provides a graphic representation
of epistemic states, observables and evolutions for some
particular examples of quantum states, observables and
gates.
B. Wigner functions.
Wigner functions are a way of recasting quantum me-
chanics in the phase space framework[9–11]. They are
called quasi-probability distributions, not proper proba-
bility distributions, because they can take also negative
values. Nevertheless their marginals represent probabil-
ity distributions of measurement outcomes. The feature
of negativity is usually associated with a signature of
non-classicality [29, 30]. We here define Wigner func-
tions following [18]. The Wigner function of a quantum
state ρ is defined by the function γ,
W γρ (λ) = Tr(A
γ(λ)ρ), (2)
where the phase-point operator is
Aγ(λ) =
1
NΩ
∑
λ′∈Ω
χ([λ, λ′])T γ(λ′), (3)
and the Weyl operator is defined by
T γ(λ) = wγ(λ)Z(λZ)X(λX), (4)
where the phase-space point is λ = (λZ , λX) ∈ Ω. We
will omit the superscript γ in the future in order to
soften the notation. The normalisation NΩ is such that
Tr(A(λ)) = 1. The functions χ and w will be appropri-
ately characterised in the case of qubits and qudits in
section III, as well as γ. The operators Z(λZ), X(λX)
represent the (generalised) Pauli operators,
X(λX) =
∑
λ′X∈Zd
|λ′X − λX〉 〈λ′X | , (5)
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Figure 2: Representation of a non-contextual subtheory
of qubit stabilizer quantum mechanics in Spekkens’ toy
model. In the figure above the allowed pure states 2a,
observables 2b and gates 2c,2d of the non-contextual subtheory of
qubit stabilizer quantum mechanics considered in the proof of
theorem 1 are represented in Spekkens’ toy model, according to
the definitions of epistemic states, observables and evolutions
(gates) defined in subsection I A. We have also indicated the
probability distributions associated to the epistemic states, where
x, y ∈ Zd, and how the gates act on them. In the examples of
figures 2c,2d we have considered the scenarios corresponding to
acting with X,Y on |0〉 , with Z on |+〉 and with CNOT on |+0〉
(thus obtaining the Bell state
|00〉+|11〉√
2
). More detailed examples
can be found in [2] and [3].
Z(λZ) =
∑
λX∈Zd
χ(λX · λZ) |λX〉 〈λX | . (6)
The most important property of the Wigner functions for
this work is the property of covariance, which means that
(in accordance with the definition used by David Gross
in [5, theorem 7]), for all allowed states ρ in the theory,
WUρU†(λ) = Wρ(Sλ+ a), (7)
where S is a symplectic transformation and a is a transla-
tion vector. This property guarantees that the transfor-
mations in quantum mechanics correspond to symplectic
affine transformations in phase space.
C. State-injection schemes of quantum
computation.
In this work we consider state-injection schemes of
quantum computation as developed in [12]. They rep-
resent one of the leading models for fault tolerant uni-
versal quantum computation when combined with the
magic state distillation procedure due to Bravyi and Ki-
taev in [13]. The latter allows to distill non-stabilizer
magic states from noisy copies of quantum states with a
high threshold for the error rate (about 14.6%), given a
setting where only Clifford gates are fault tolerant. The
key idea of state-injection is that a non-Clifford gate can
be implemented with the combination of the magic state,
a Clifford group circuit and Pauli measurements. More
precisely, we can define state-injection schemes for imple-
menting any diagonal unitary gate U as follows.
Definition 1 (Zhou-Leung-Chuang state-injection [12]).
A state injection of an n-qubit unitary gate U is a
quantum circuit implementing U composed of the follow-
ing elements (figure 3).
• The injected state U |+〉⊗n.
• n CNOT gates, applied transversally.
• n Pauli Z measurements, with the output of the
jth measurement denoted as sj = (−1)mj , where
mj ∈ {0, 1}.
• The correction gate UXmU†, where m = m1 . . .mn
is the bitstring of meausurement outcomes and
Xm = Xm1 ⊗ · · · ⊗Xmn .
As was proved in [12], any diagonal gate U can be im-
plemented via a state injection circuit of this form. How-
ever, for the injection of U to succeed deterministically,
the unitary correction UXmU† must be implementable
in the model. Figure 3 depicts the state-injection scheme
just defined.
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Figure 3: state-injection schemes of quantum
computation. The state-injection schemes that we consider in
this work are the ones developed by Zhou, Leung and Chuang in
[12]. The diagonal gate U can be injected in the circuit by using
objects that are allowed in the free part of the computation. The
injected state is U |+〉 , which is subjected to a controlled not with
the input state |ψ〉 . Conditioned on the outcome of the
measurement of the Pauli Z on the state |ψ〉 after the CNOT, the
correction UXU† is applied to the state U |+〉 . At the end we
obtain the gate U applied to the input state |ψ〉 .
II. CHARACTERISATION OF SPEKKENS’
SUBTHEORIES
A Spekkens’ subtheory is defined as a set of quantum
states, transformations and measurements, (S, T ,M),
which satisfies the following conditions.
1. Subtheory. The set must be closed, which means
that any allowed gate cannot bring from one al-
lowed state to a non-allowed one.
∀ U ∈ T , UρU† ∈ S ∀ρ ∈ S. (8)
2. Spekkens representability. There must be an op-
erational equivalence between the subtheory of
quantum mechanics (S, T ,M), defined by sets
of quantum states, transformations and measure-
ments, and a subtheory of Spekkens’ toy theory
(Ss, Ts,Ms), defined by sets of epistemic states,
symplectic affine transformations and measure-
ments as defined in the previous section.
The operational equivalence means that the
statistics of the two subtheories (S, T ,M) and
(Ss, Ts,Ms) are the same. We state this equiv-
alence by finding a non-negative Wigner function
that maps the states ρ and the measurement ele-
ments Πk in (S,M) to epistemic states and mea-
surement elements in (Ss,Ms), i.e.
Wρ(λ) =
1
N
Tr(ρA(λ)) =
1
N
δ(V ⊥+w)(λ); (9)
WΠk(λ) =
1
N ′
Tr(ΠkA(λ)) =
1
N ′
δ(V ⊥Π +rk)(λ). (10)
The N,N ′ are the normalisation factors so that∑
λ∈ΩW (λ) = 1 for all the above Wigner functions.
Notice at this point that the measurement update
rules in [3] guarantee that also a state after a mea-
surement is non-negatively represented if the mea-
surement and the original state have non-negative
Wigner functions, as they involve only sums and
products of Wigner functions. Moreover we are
considering subtheories with duality between states
and measurement elements, therefore it is enough
to check only the properties of the Wigner functions
of states (or measurements) to guarantee Spekkens
representability.
The operational equivalence in terms of transfor-
mations is implied if the Wigner function (9) sat-
isfies the property of covariance (7) for the allowed
unitaries U ∈ T , which guarantees that the trans-
formations in quantum mechanics correspond to
transformations that preserve the epistemic restric-
tion in Spekkens’ theory. Notice that the prop-
erty of covariance is defined in terms of Wigner
functions and not directly in terms of the phase
point operators. 1 Therefore we do not necessar-
ily need to demand for the standard Wigner func-
tion of the transformation, defined as WU (λ|λ′) =
1
N ′Tr(A(λ)UA(λ
′)U†), to be non-negative in all
its elements, once the previous requirements, non-
negativity and covariance of Wρ, are satisfied. The
transition matrix corresponding to the allowed per-
mutation of the phase points can be always found,
as shown by the following lemma.
Lemma 1. Given non-negative Wigner function repre-
sentations, Wρ,Wρ′ , of any two allowed states ρ, ρ
′ ∈ S
such that ρ′ = UρU†, where U ∈ T , and covariance holds,
i.e. Wρ′(λ) = Wρ(Sλ + a), there always exists a (non-
negative) transition matrix PU : Ω×Ω→ [0, 1] represent-
ing the transformation U ∈ T ,
PU (λ|λ′) = 1
N ′′
δλ,Sλ′+a, (11)
where N ′′ is the normalisation factor, such that
Wρ′(λ) =
∑
λ′∈Ω
PU (λ|λ′)Wρ(λ′). (12)
Proof. A matrix made of non-negative elements PU (λ|λ′)
proportional to Kronecker deltas always exists because
it corresponds to the transition matrix representing the
permutation that brings Wρ to Wρ′ . More precisely, non-
negative solutions PU (λ|λ′) to the equations (12) for ev-
ery λ, given the non-negative Wρ(λ
′),Wρ′(λ) defined in
(2), always exist. For every fixed λ, the PU (λ|λ′) are
1 This will make a difference only in section III B where we consider
factorisable Wigner functions for the CSS rebit case.
6vectors with all zero components apart from one, i.e.
they are proportional to Kronecker deltas. The covari-
ance property (7) guarantees that this permutation corre-
sponds to a symplectic affine transformation on the phase
space points (independent on the state ρ that U is acting
on).
The non-negative functions (9), (10) and (11)
can be interpreted as probability distributions
and guarantee that the theories (S, T ,M) and
(Ss, Ts,Ms) are operationally equivalent, i.e. they
provide the same statistics:
p(k) = Tr(ΠkUρU
†)
=
∑
λ∈Ω
WΠk(λ)
∑
λ′∈Ω
PU (λ|λ′)Wρ(λ′). (13)
To sum up, a Spekkens’ subtheory is a (closed) sub-
theory of quantum mechanics whose states (and mea-
surements) are represented by non-negative and covari-
ant Wigner functions. We say that a Spekkens’ sub-
theory is maximal if the set (S, T ,M) is such that by
adding either another state, gate or observable to the set
of allowed states, transformations and observables con-
tradicts at least one of the conditions above, i.e. it is no
longer a subtheory or Spekkens representable. We will
also talk about minimal non-contextual subtheories of
stabilizer quantum mechanics meaning those subtheories
that can no longer be used for state-injection schemes
after the removal of just one object from them.
III. WIGNER FUNCTIONS FOR SPEKKENS’
SUBTHEORIES
We now identify the functions γ defining the Wigner
functions in equation (2) that allow us to show that the
known examples of state-injection schemes with contex-
tuality as a resource, [14] and [15], fit into the framework
depicted in figure 1, i.e. that the free parts of those
schemes are Spekkens’ subtheories.
A. Qudit case
In the case of qudits of odd dimensions Gross’ theo-
rem [5] guarantees that there is a non-negative Wigner
representation of all pure stabilizer states. This Wigner
function is covariant and also Clifford transformations
and Pauli measurements are non-negatively represented.
Thus Gross’ Wigner function proves the operational
equivalence, in odd dimensions, between stabilizer quan-
tum mechanics and the whole Spekkens’ toy theory, as
shown in [2] and [3].
Gross’ Wigner function for odd dimensional systems
(qudits) is defined according to equation (2), where
χ(a) = e
2pii
d a, for a ∈ Zd, and wγ(λ) = χ(−2−1γ(λ)).
The function γ is given by γ(λ) = λX ·λZ , where the “·”
denotes the inner product.
In the scheme of Howard et al. [14] where they prove
that contextuality is a resource for universal quantum
computation, the free part of the computation is given
by stabilizer quantum mechanics in odd prime dimen-
sions, which, by Gross’ Wigner functions, is a maximal
Spekkens’ subtheory. 2
B. Qubit case
In the case of qubits an analogue of Gross’ Wigner
function for stabilizer quantum mechanics does not exist
[10, 11], as some negative stabilizer states are present for
any possible choice of Wigner functions. This is related
to the contextuality shown by qubit stabilizer quantum
mechanics (see, for example, the Peres-Mermin square
[8]). Nevertheless it is possible to state a similar result to
Howard et al.’s by restricting the free part of the compu-
tation to a strict non-contextual and positive subtheory
of qubit stabilizer quantum mechanics, as shown by the
result of Delfosse et al. in 2015 [15].
We start by describing the set of allowed
states/gates/observables (Sr, Tr,Mr) considered by
Delfosse et al. The set Sr, a subset of the stabilizer
states, is composed by Calderbank-Steane-Shor (CSS)
states [16], i.e. stabilizer states |ψ〉 , whose correspond-
ing stabilizer group S(|ψ〉) decomposes into an X and
a Z part; i.e. S(|ψ〉) = SX(|ψ〉) × SZ(|ψ〉), where all
elements of SX(|ψ〉) and SZ(|ψ〉) are of the form X(q)
and Z(p), respectively, where q,p ∈ Zn2 . CSS states are
the eigenstates of the allowed observables belonging to
the set Mr,
Mr = {X(q), Z(p)|q,p ∈ Zn2}. (14)
The set of allowed transformations is composed by the
CSS preserving gates, subset of the Clifford group Cn
(which is the group of unitaries that maps Pauli operators
to Pauli operators by conjugation),
Tr = {g ∈ Cn|g |ψ〉 ∈ Sr,∀ |ψ〉 ∈ Sr}
=
〈
n⊗
i=1
Hi, CNOT (i, j), Xi, Zi
〉
,
(15)
where i, j ∈ {1, 2, . . . , n} and i 6= j. The universal quan-
tum computation is reached by injecting two particular
magic states to the free subtheory of CSS rebits just de-
scribed [15].
The Wigner function used by Delfosse et al. to prove
their result is given by
Ar(λ) =
1
2n
∑
T (λ′)∈A
(−1)〈λ,λ′〉T (λ′), (16)
2 Stabilizer quantum mechanics in odd dimensions is the unique
maximal Spekkens’ subtheory, since it coincides with the whole
Spekkens’ theory.
7where T (λ) = Z(p)X(q), λ = (q,p), and A = {T (λ)|q ·
p = 0 mod 2}, where q · p denotes the inner product.
The set A is the set of inferred observables. “Inferred”
means that these observables may not be directly mea-
surable, but they can be inferred by multiple measure-
ments. For example in the case of two qubits, the set
Mr and A are Mr = {II, IX, IZ,XI, ZI, XX,ZZ}, and
A = {II, IX, IZ,XI, ZI, XX,ZZ,XZ,ZX, Y Y }, i.e. the
set of all rebits observables. Notice that we removed
the “⊗” symbol for the tensor product in order to sim-
plify the notation. This Wigner function is always non-
negative for CSS states ([15]) and it is covariant. In terms
of the definition provided in equation (2), the function γ
is γ(λ) = 0, χ(a) = (−1)a and wγ(λ) = 1. This choice
guarantees that the phase point operators are Hermi-
tian. However the price to pay for the Hermitianity in
this case is the non-factorisability of the Wigner func-
tion, i.e. the Wigner function is composed by phase-
point operators of n qubits that are not given by the
tensor products of the ones for the single qubit, e.g.
Ar((0, 0), (0, 0)) 6= Ar(0, 0)⊗Ar(0, 0).
Before we proceed, one may wonder whether the non-
factorisability of the Wigner function is necessary to treat
the CSS case and preserve the non-negativity and covari-
ance. Here we show that it is not. We define a Wigner
function that, we argue, is more in line with the con-
struction of Spekkens’ model, where the ontic space of
n systems is made by the cartesian products of individ-
ual systems’ subspaces. The non-negative, covariant and
factorisable Wigner function for the CSS theory is built
out from the single-qubit phase-point operators
Af (0, 0) = I+X + Z + iY. (17)
The phase point operators Af (0, 1), Af (1, 0), Af (1, 1) are
given by applying the Pauli X,Y, Z respectively by con-
jugation on Af (0, 0). The phase point operators of many
qubits are given by tensor products of the ones for single
qubits Af (0, 0), Af (0, 1), Af (1, 0), Af (1, 1). Notice that
the phase point operators are not Hermitian; however
the allowed observables are only present in their Hermi-
tian part (e.g. for the single qubit in I + X + Z). We
now need to prove the following lemma.
Lemma 2. The Wigner function of Delfosse et al.
Wr(λ) = Tr(ρAr(λ)), given by (16), is equivalent to the
factorisable Wigner function Wf (λ) = Tr(ρAf (λ)), given
by (17), for any ρ ∈ Sr.
Proof. What we need to prove is actually that Ar(λ) =
H(Af (λ)), where H(Af (λ)) indicates the Hermitian part
of the phase point operator Af (λ). The non-Hermitian
part of Af (λ) has zero contribution to the Wigner func-
tion. It is always composed of tensors of mixtures of Pauli
operators with an odd number of Y ’s, that never form al-
lowed observables and so are never in the stabilizer group
of any ρ ∈ Sr. This implies that the non-Hermitian part
of Af (λ) has no contribution to the Wigner function as
Pauli operators (apart from the identity) are traceless.
However the non-Hermitian part of Af (λ) is important
since when its operators compose into phase point oper-
ators for multiple qubits, they sometimes provide Her-
mitian operators that contribute to the Wigner function.
We know that Ar(λ) is defined as the sum of observables
T (λ), where λ = (q,p) such that q · p = 0 mod 2. We
can now see that also H(Af (λ)) is given by the sum of
observables subjected to the same condition of having
zero inner product between the components. This con-
dition indeed singles out all the rebit observables, which
are the only ones we are interested in. Given an observ-
able T (λ) = Z(p)X(q) in Af (λ), with λ = (q,p) and
q,p ∈ Znd , it is Hermitian if and only if T (λ) = T (λ)†.
This means that
T (λ)† = X(q)Z(p) = (−1)q·pT (λ),
which holds if and only if q · p = 0 mod 2.
In conclusion, by using one of the above Wigner func-
tions, (16) or (17), given the duality between states
and measurement elements, the covariance and lemma 1,
we can conclude that CSS rebit subtheory is Spekkens-
representable. Moreover the definition of CSS-preserving
transformations guarantees the closure property and the
discrete Hudson’s theorem for rebits (i.e. non-negativity
of the Wigner function of a state if and only if it is a CSS
state [15]) guarantees that it is maximal. Therefore the
CSS rebit subtheory of quantum mechanics is a maximal
Spekkens’ subtheory.
IV. SPEKKENS’ SUBTHEORIES AS
TOOLBOXES FOR STATE-INJECTION
We now prove that qubit stabilizer quantum mechanics
can be obtained from a Spekkens’ subtheory, in the sense
that within Spekkens’ subtheories it is possible to build
a state-injection scheme that injects all the objects of
qubit stabilizer quantum mechanics that are not in the
subtheories. We need to understand which objects we
actually need to inject to reach the full qubit stabilizer
quantum mechanics from a Spekkens’ subtheory. Let us
start by stating the list of instructions to construct the
maximal Spekkens’ subtheory that corresponds to a given
choice of γ (in analogy with the framework of [18]).3 We
recall that the function γ uniquely specifies the function
β(λ, λ′), defined such that T (λ)T (λ′) = wβ(λ,λ
′)T (λ+λ′).
It results that the observable T (λ) preserves positivity iff
β(λ, λ′) = 0 ∀ λ′ s.t. [λ, λ′] = 0, as proven in [18].
1. The function γ uniquely defines the set of al-
lowed observables, M = {T (λ) | β(λ, λ′) =
0 ∀ λ′ s.t. [λ, λ′] = 0}.
3 Notice that with the following construction a given γ provides the
maximal Spekkens’ subtheory, but the Wigner function from the
same γ can, obviously, be used to represent any smaller subtheory
of the maximal Spekkens’ subtheory.
82. The set of allowed states S is given by the states
corresponding to common eigenstates of dn com-
muting observables in M.
3. The set of allowed gates is {U | UρU† = ρ′ ∈
S ∀ ρ ∈ S, and WUρU†(λ) = Wρ(Sλ+a) ∀ λ ∈ Ω}.
This is a subset of the Clifford unitaries.
Let us point out that the above construction differs
from [18] in that it does not require tomographic com-
pleteness and it does require covariance of the Wigner
functions. With respect to the Wallman-Bartlett 8-
state model [19] the difference holds for analogous rea-
sons. The 8-state model consists of a measurement
non-contextual ontological model for one qubit stabilizer
quantum mechanics, where the one-qubit quantum states
(and measurement elements) are represented as uniform
probability distributions over an ontic space of dimen-
sion 8 and the Clifford transformations (generated by
the Hadamard H and phase gate S) are represented by
permutations over the ontic space. In the definition of
the one qubit stabilizer distributions both the possible
phase-point operators for a Wigner function are consid-
ered, i.e. both the one with an even number of minuses
A+(0, 0) = 1 + X + Y + Z, and the one with an odd
number A−(0, 0) = 1 + X + Y − Z. See [11] for a more
extensive description of these two possible pairs of single
qubit Wigner functions.
In addition to this, the proposed and straightforward
generalisation of the 8-state model to more than one
qubit, consists of considering the distributions built from
the tensor products of the phase-point operators of the
single qubit [19]. The resulting subtheory of qubit stabi-
lizer quantum mechanics described by the model then be-
comes the one composed by all the product states of ten-
sors of Pauli X,Y, Z observables and all the local Clifford
unitary gates (generated by local H and S). No entangle-
ment is present. Nevertheless it is possible to reach uni-
versal quantum computation from this subtheory by per-
forming measurement-based quantum computation [20]
with a particular entangled cluster state [17][18].
We have seen that the presence of non-covariant Clif-
ford gates in the framework of Raussendorf et al. and
the 8-state model is the main difference with respect to
Spekkens’ subtheories. Furthermore, the implementation
of all the non-covariant Clifford unitaries would boost
Spekkens’ subtheories, composed by covariant Clifford
gates, to the full qubit stabilizer quantum mechanics.
Theorem 1. Qubit stabilizer quantum mechanics can be
obtained from a Spekkens’ subtheory via state-injection:
all the possible non-covariant Clifford gates can be state-
injected via a circuit made of objects in the Spekkens’
subtheory.
Proof. In order to prove that qubit stabilizer quantum
mechanics can be obtained from a Spekkens’ subtheory
via state-injection we need to show that all the objects
needed for injecting any non-covariant Clifford gate are
present in at least one Spekkens’ subtheory. We re-
call that in order to generate the whole Clifford group
we need, in addition to the CNOT, also the genera-
tors of the local single gates, e.g. the usual phase and
Hadamard gates, S,H. Let us consider the following sub-
theory, which corresponds to the CSS rebit subtheory,
equations (14) and (15), with no global Hadamard gates:
• The allowed observables are, analogously to equa-
tion (14), non-mixing tensors of X and Z Pauli
operators, M = {X(q), Z(p)|q,p ∈ Zn2}.
• The allowed gates are the ones generated by the
CNOT and the Pauli rotations X,Z, i.e.
T = 〈CNOT (i, j), Xi, Zi〉 . (18)
• The allowed states are, as usual, the eigenstates of
the allowed observables.
This is a smaller subtheory than CSS rebit (the differ-
ence being the absence of the global Hadamard gate).
It possesses all the objects needed for state-injection of
non-covariant gates. The Z observables and the CNOT
gate are present. The correction gates are always Pauli
gates, as for any injected Clifford unitary U, even when
U is non-covariant, UX⊗nU†, by definition of a Clifford
gate, gives back a Pauli gate. All the objects of this sub-
theory can be non-negatively represented by the Wigner
functions for the CSS rebit theory of the previous sec-
tion and also in Spekkens’ toy model, as shown in figure
2. Therefore this subtheory is closed and Spekkens rep-
resentable, i.e. a Spekkens’ subtheory, and it is possible
for it to reach universal quantum computation via state-
injection, as proven in details in the next section.
Here, we will first show that we can obtain the whole
Clifford group. Once we have it, we can map any of the
allowed states and observables to any in qubit stabilizer
quantum mechanics. The whole Clifford group can be
achieved by first injecting the CZ gate, as shown in fig-
ure 4, that also provides a construction for the Hadamard
gate (figure 5) and then the phase gate S. The correction
gate for the state-injection scheme of the S gate is given
by the Pauli Y gate, which is present, up to a global
phase, in our Spekkens’ subtheory as a composition of
X and Z Pauli rotations. Notice that, even if state-
injection, as defined in I C, allows us to only inject di-
agonal unitary gates, we can obtain all the non-diagonal
gates because we have a full generating set of gates for
Clifford unitaries (via the Hadamard gate). The other
peculiarity of the Spekkens’ subtheory we are consider-
ing is that it is minimal, as we cannot remove any ob-
ject from it without denying the possibility of achieving
universal quantum computation. It contains only the el-
ements needed for the state injection scheme as defined
in I C. The other schemes that are not minimal, like in
[14, 15], have more components than strictly needed for
the state-injection scheme defined in I C. To see that this
scheme is minimal, note that if one were to remove the
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Figure 4: CZ injection. The first injection of our scheme is the
injection of the CZ |++〉 state, needed in order to perform the
correction in the injection scheme for the CCZ gate and to
produce the Hadamard gate. In the figure above the correction is
CZ ·XaXb · CZ conditioned on obtaining x, y outcomes from the
Z measurements, where (−1)a = x and (−1)b = y. For example if
the outcomes are x = 1, y = −1, the correction is
CZ · IX · CZ = XZ, which is an allowed gate in our subtheory.
| i
Z
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Figure 5: Hadamard gate via CZ. The Hadamard gate can
be obtained once the CZ gate is available. Obtaining H from CZ
and X measurements was originally shown in [31].
X(q) observables, it would not be possible to obtain the
Hadamard gate. Moreover Spekkens’ subtheories where
the observables are tensors of a single Pauli operator and
gates that preserve the eigenbasis of that operator, do not
allow any state-injection scheme to inject objects outside
of them.
The above theorem guarantees that a state-injection
scheme can always be recast in the following structure:
Spekkens′ subtheory + Magic states → UQC.
Spekkens’ model contains all the tools for state-injection
of the non-covariant Clifford gates that appear in qubit
stabilizer quantum mechanics. Note that this approach
looks at the minimal non-contextual subtheories of sta-
bilizer quantum mechanics where we can still reach uni-
versal quantum computation via state-injection. We see
that each time these minimal subtheories are Spekkens’
subtheories. In the next section we describe how the
minimal subtheory of rebit stabilizer quantum mechan-
ics used in the proof of theorem 1, equations (14) and
(18), can reach universal quantum computation through
+CSS rebits with no global H.
CZ and CCZ 
magic states UQC
Non-contextual	part Injected	
contextuality/
negativity
Quantum
speed-up
Figure 6: Novel state-injection scheme based on CCZ
injection. By injecting first the CZ state and then the CCZ
state we can boost the subtheory of rebit stabilizer quantum
mechanics made of observables that are tensors of non-mixing
Pauli I, X, Z, and the gates generated by CNOT and the Pauli
rotations X,Z to universal quantum computation.
the injection of CCZ magic states.
V. STATE-INJECTION SCHEMES WITH CCZ
STATES
Reaching fault-tolerant universal quantum computa-
tion by exploiting Toffoli gates, or CCNOT - control con-
trol X, goes back to Peter Shor in 1997 [21]. It is known
that the Toffoli gate (enough for universal classical com-
putation) and Hadamard gate allow universal quantum
computation [22, 23], and, in a sense, this is the most
natural universal set of gates, since the Toffoli enables all
classical computations, and just by adding the Hadamard
gate, which generates superposition, we achieve universal
quantum computation. The same result holds if we use
the related CCZ, control control Z, gate instead of the
Toffoli gate. Other examples of fault tolerant universal
quantum computation involving Toffoli state distillation
have been proposed [24–27]. We here propose a scheme
of CCZ injection with the fewest possible objects in the
free part of the computation. We reach that by also in-
jecting the CZ state before the CCZ. The state-injection
scheme is depicted in figure 6.
The free part is the one described in the proof of the-
orem 1 and defined by the equations (14) and (18). This
is the subtheory of CSS rebits with no global Hadamard,
thus it is a Spekkens’ subtheory. The state-injection
scheme uses two state-injections: first the state CZ |++〉
(figure 4), where the correction is given by the CZ ·XaXb·
CZ conditioned on obtaining x, y outcomes from the
measurements of Z’s, where (−1)a = x and (−1)b = y.
Just to give an example, for outcomes x = 1, y = −1 the
correction is CZ · IX ·CZ = XZ. Secondly, the injection
of the state CCZ |+ + +〉 (figure 7), where the correction
is given by CCZ ·XaXbXc ·CCZ, with outcomes x, y, z of
the measurments of Z’s such that (−1)a = x, (−1)b = y
and (−1)c = z, e.g. CCZ · XII · CCZ = X · CZ if the
outcomes are −1, 1, 1. Notice that the injection of the CZ
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Figure 7: CCZ injection. The second injection of our scheme
is the injection of the CCZ |+ + +〉 state. In the figure above the
correction is CCZ ·XaXbXc · CCZ conditioned on obtaining
x, y, z outcomes from the Z measurements, where
(−1)a = x, (−1)b = y and (−1)c = z. For example if the outcomes
are x = −1, y = 1, z = 1 the correction is
CCZ ·XII · CCZ = X · CZ, which is an allowed gate in our
subtheory.
also allows us to obtain the Hadamard gate, as shown in
figure 5. With Hadamard and CCZ gates we then have a
universal set for quantum computation. The contextual-
ity, which is not present in the subtheory of CSS rebits,
is clearly present after the two injections that lead to
universal quantum computation.
A few comments on the free part of the scheme are
needed. As already said, it is minimal, in the sense
that it is not possible to remove any object from the
free part of the computation without denying the pos-
sibility of obtaining universal quantum computation via
state-injection. Also it is a strict subtheory of the CSS
rebit, where we allow all the same objects apart from the
global Hadamard. We argue that this is desirable, since
in principle the Hadamard gate is a local gate; we want
to keep only the entangling gates to have a global nature.
VI. PROOFS OF CONTEXTUALITY AND
STATE-INJECTION
The Spekkens’ subtheory used for the CCZ state-
injection scheme of the previous section allows us to es-
tablish a relation between the different resources injected
and different proofs of contextuality. It is well known that
within qubit stabilizer quantum mechanics we can obtain
the Peres-Mermin square argument, which is a proof of
state-independent contextuality, and the GHZ paradox,
which is a proof of state-dependent contextuality [6–8].
These proofs are not present within the Spekkens’ sub-
theory, which, as we know, always witnesses the absence
of any form of contextuality. We now explicitly show how
the Peres-Mermin square and GHZ-paradox are obtained
after the injection of either the CZ gate or the S gate. We
also show that injection of the important non-Clifford pi8
gate T , in addition to the Peres-Mermin square and GHZ
paradox (provided that we can apply the T gate at least
two times, as T 2 = S), enables maximum violation of the
CHSH inequality. These examples demonstrate that spe-
cific states injected to the minimal Spekkens’ subtheory
here considered, even if they do not provide universal-
ity, can be considered resources for specific and distinct
manifestations of contextuality.
• Peres-Mermin square. Let us consider the free
Spekkens’ subtheory of the CCZ injection scheme
supplemented with the injection of the CZ state.
This allows us to construct a circuit to perform the
Peres-Mermin square argument [7]. Let us first re-
call that the Peres-Mermin square (shown below) is
one of the most intuitive and popular ways to illus-
trate the notion of Kochen-Specker contextuality.
Z ⌦ I
X ⌦ I I⌦X
I⌦ Z Z ⌦ Z
Z ⌦XX ⌦ Z
X ⌦X
Y ⌦ Y
The square is composed by nine Pauli observables
on a two-qubit system.4 Each row and each column
is composed by commuting (simultaneously mea-
surable) observables. With the assumption that
the functional relation between commuting observ-
ables is preserved in terms of their outcomes (e.g.
if an observable C is the product of two observ-
ables A,B, also its outcome c is the product of
the the outcomes a, b of A,B) and the outcome
of each observable does not depend on which other
commuting observables are performed with it (non-
contextuality), the square shows that it is impossi-
ble to assign the outcome of each observable among
all the rows and columns without falling into con-
tradiction. For example, if we start by assigning
values, say ±1, to the observables starting from
the first (top left) row on, the contradiction can be
easily seen when we arrive at the last column and
last row (red circles), that bring different results
to the same observable Y Y, as witnessed by the
following simple calculation, (XZ) · (ZX) = Y Y,
and (XX) · (ZZ) = −(Y Y ). Kochen-Specker con-
textuality refers to the fact that the outcome of a
measurement does depend on the other compatible
measurements that we perform with it (i.e. on the
contexts).
While in our original Spekkens’ subtheory we are
only allowed to perform the observables in the
4 Notice that we will not write again the ”⊗” symbol for the tensor
product in order to soften the notation.
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first two rows of the square, with the presence
of the CZ we can obtain the last row too, since
CZ · XI · CZ = XZ, CZ · IX · CZ = ZX and
CZ · XX · CZ = Y Y. Figure 8 shows a circuit
where we can perform all the contexts of the Peres-
Mermin square on an arbitrary input state |ψ〉 by
just using objects belonging to the Spekkens’ sub-
theory and CZ injections.
We can obtain the Peres-Mermin square argu-
ment also via the injection of the S gate. This
time the observables considered in the square are
IX,XIX,XX, Y I, IY, IY, Y X,XY,ZZ. The ones
containing Y can be obtained by applying S to the
X observable, while the others are already present
in our Spekkens’ subtheory.
• GHZ paradox [6]. In order to obtain the GHZ
paradox we need to be able to create the GHZ
state |000〉+|111〉√
2
, already present in our Spekkens’
subtheory, and measure the mutually commuting
observables XXX,XY Y, Y XY, Y Y X. The GHZ
state is the common eigenstate of these four op-
erators, with the eigenvalues being +1,−1,−1,−1
respectively. While the first observable XXX is
already present in our Spekkens’ subtheory, the
others can be obtained either by local S gate or
CZ gate on two of the three single Pauli op-
erators composing each observable. By consid-
ering these observables, the quantum predictions
are in conflict with any non-contextual hidden
variable model that assigns definite pre-existing
values, +1 and −1, to the local Pauli observ-
ables X,Y. Let us denote these definite values
as λx1, λx2, λx3, λy1, λy2, λy3 in correspondence of
each local Pauli X and Y. The product of the three
observables XY Y, Y XY, Y Y X, that must yield the
outcome −1, in the hidden variable model means
the following expression λx1λx2λx3λ
2
y1λ
2
y2λ
2
y3 =
−1. However this is in neat contradiction with the
outcome of XXX which is +1, and corresponds to
λx1λx2λx3 = +1.
• CHSH argument [28]. If we consider our Spekkens’
subtheory with the addition of the T gate we can
obtain the maximum violation of the CHSH in-
equality. In the CHSH game a referee asks ques-
tions x, y ∈ {0, 1} to Alice and Bob respectively,
who agree on a strategy beforehand to then an-
swer a, b ∈ {0, 1} respectively. They win the
game if xy = a ⊕ b, where the sum is meant
to be modulo 2. The best classical strategy for
them consists of always answering a = b = 0,
which means winning the game with a probabil-
ity of 75%. By exploiting quantum states and mea-
surements they can do better than that. It re-
sults that if they share the Bell state |00〉−|11〉√
2
,
which is a −1 eigenstate of XX and +1 eigenstate
of ZZ, and they perform the appropriate observ-
ables Aq, Bq (depending on which question q, 0 or
1, the referee asks them) they can win the game
with the maximum quantum probability of about
85%. Notice that the Bell state that we consider is
present in our Spekkens’ subtheory. The observ-
ables, which are provided by the presence of the
T gate, are A0 = Y, A1 = X, B0 = TY T
† =
Y−X√
2
, B1 = TXT
† = X+Y√
2
. The probability that
Alice and Bob win minus the probability that they
lose is 14 (〈A0B0 +A0B1 +A1B0 −A1B1〉) = 1√2 ,
as 〈A0B0〉 = 〈A0B1〉 = 〈A1B0〉 = −〈A1B1〉 = 1√2 .
Therefore the probability of winning is 12 +
1
2
√
2
≈
0.85.
VII. CONCLUSIONS
In this work we studied the subtheories of Spekkens’
toy theory that are compatible with quantum mechan-
ics, in the sense of making the same operational predic-
tion. We identified these as the closed subtheories within
Spekkens’ toy theory that have non-negative and covari-
ant Wigner function representations. Stabilizer quan-
tum mechanics is the maximal Spekkens’ subtheory in
odd dimensions, as it corresponds to the full Spekkens’
theory. This is not true for qubits, as stabilizer quan-
tum mechanics is contextual and the toy theory does
not reproduce its statistics. We used Spekkens’ sub-
theories as a framework to describe the known exam-
ples of state-injection schemes for quantum computa-
tion on qudits of odd prime dimensions [14] and rebits
[15] with contextuality as an injected resource, in the
sense that they fit into the scheme of figure 1, i.e.
Spekkens′ subtheory + Magic states → UQC,
where Spekkens’ subtheories embody the non-contextual
part of the computational model and the contextual-
ity arises in the injection of the magic states. Further-
more, we showed that Spekkens’ subtheories plus state-
injection allow us to achieve all state-injection schemes
where free operations are from the Clifford group (the
standard state-injection schemes studied in the fault-
tolerance literature). Theorem 1 proves that all of qubit
stabilizer quantum mechanics can be obtained from a
Spekkens’ subtheory via state-injection, and thus other
state-injection schemes of quantum computation with
Clifford group gates as the free operations can be mapped
to our framework via a sequence of injections. In order
to prove theorem 1 we constructed a Spekkens’ subthe-
ory which is a strict subtheory of the CSS rebit theory
(used in [15]) and provided a novel state-injection scheme
to reach universal quantum computation by injections of
CZ and CCZ states. This subtheory is minimal, mean-
ing that it is not possible to remove any object from
it without denying the possibility of reaching universal
quantum computation via state-injection. By analysing
the different injection processes in the above scheme we
also associated different proofs of contextuality to specific
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Figure 8: Peres-Mermin square via Spekkens’ subtheories and CZ gates. The above circuit provides a way of implementing
all the contexts of the Peres-Mermin square. Each block denoted by CZ corresponds to the injection scheme of figure 4 endowed also
with a swap gate (which is present in our Spekkens’ subtheory as it can be made of a series of three alternated CNOT gates) in order to
set the output state CZ |ψ〉 as a precise modification of the input state |ψ〉 (and not of the ancillary resource state CZ |++〉). Each
context can be selected according to some combinations of the classical control bits a, b, c, d, e, α, β, γ that can take values in {0, 1}. The
value 0 indicates that the corresponding gate is not performed, while the value 1 that it is performed. At the end of every grey block
(labelled by numbers) we assume that we can read the output outcome. The three row contexts of the Peres Mermin square are
identified by the variables (d, e), (a, b, c) and (α, β, γ, d, e) assuming value one, respectively. The three column contexts are identified by
(a, d, γ) (b, e, γ) and (c, d, e, γ). Notice that in the last case where we implement the context XX,ZZ, Y Y, the measurement of XX is
implemented by performing IX first and then XI, and in this case we consider the outputs related to the blocks labelled by 3, 5, 6.
state-injections of non-covariant gates. In particular we
explicitly showed how the CZ and S gates are resources
for the Peres-Mermin proof of contextuality and the GHZ
paradox, and how the T gate, used in the most popular
state-injection schemes [13], is a resource for maximal
violations of the CHSH inequality.
With respect to previous related works, we often re-
ferred to Raussendorf et al’s framework [18], since this
is very general and includes, for example, also the sub-
theory of qubit stabilizer quantum mechanics that arises
from the 8-state model of Wallman and Bartlett [19].
Raussendorf et al’s framework differs from ours in that it
does require tomographic completeness and it does not
demand covariant Wigner functions. In our framework,
we preferred to use the tools provided by Spekkens’ toy
theory, which has a less abstract structure, being an in-
tuitive and fully non-contextual hidden variable model.
The state-injection schemes we considered are the ones
developed in [12], which means that we are not consid-
ering more general ways to use states as a resource such
as the cluster state computation, considered in [18]. An
open question is how to extend theorem 1 to these more
general schemes. A suggestion in this direction comes
from the example of cluster state computation provided
in [17] and [18]. It consists of a non-contextual free sub-
theory made of tensors of X,Y, Z Pauli observables, their
product eigenstates and all the local Clifford gates, and
the resource is a specific entangled cluster state. The
free subtheory in this case is not a Spekkens’ subtheory,
as the S and H gates are not covariant if we allow all
the product eigenstates of tensors of X,Y, Z Pauli ob-
servables. However if we remove these local gates we can
still implement the computational scheme (which never
needs to use those gates) and obtain universal quantum
computation with the same resource state. In the latter
case the free part is now a Spekkens’ subtheory. There-
fore this example can be actually recast in our framework
of Spekkens′ subtheory + Magic state→ UQC. Finally
we point out that all previous works [17–19] look at the
biggest non-contextual subtheories of stabilizer quantum
mechanics that have state-injection schemes with contex-
tuality as a resource. Here instead we focus also on the
smallest free subtheories from which it is still possible to
reach universal quantum computation via state-injection.
We believe that the results presented here suggest some
future projects. The central role of covariance in our work
suggests that its relationship with non-contextuality de-
serves further study. A recent work on contextuality
in the cohomological framework could provide the right
tools to address this question [32]. In particular, covari-
ance seems to be strictly related to Spekkens’ transfor-
mation non-contextuality [33]. As an example of this,
the single qubit stabilizer quantum mechanics, already
argued to be not covariant, shows transformation con-
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textuality (even if a preparation and measurement non-
contextual model for it - e.g. the 8-state model - exists)
[34]. One significant question which remains open is to
clarify which notion of contextuality is the best one to
capture resources for universal quantum computation as,
for example, it is known that qubit stabilizer quantum
mechanics, despite being contextual, is efficiently classi-
cally simulatable [35]. It would be desirable to match
the notion of non-classicality in quantum foundations,
namely contextuality, with the notion of non-classicality
in quantum computation, e.g. non-efficient classical sim-
ulatability. Finally we think that it would be interesting
to extend Spekkens’ toy theory to obtain a psi-epistemic
ontological model [36] of n−qubit stabilizer quantum me-
chanics. Possibly some extensions of the 8-state model
can achieve this. If so, the epistemic restrictions on which
such models were built might be of independent interest.
Such work would contribute to further understanding the
subtle relationship between contextuality and the compu-
tational power of universal quantum computation.
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